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Abstract. The action of Weyl scale invariant p=2 brane which breaks the target super
Weyl scale symmetry in the N=1, D=4 superspace down to the lower dimensional Weyl
symmetry W (1, 2) is derived by the approach of nonlinear realization. The dual form action
for the Weyl scale invariant supersymmetric D2 brane is also constructed. The interactions
of localized matter fields on the brane with the Nambu-Goldstone fields associated with
the breaking of the symmetries in the superspace and one spatial translation directions are
obtained through the Cartan one-forms of the Coset structures. The covariant derivatives
for the localized matter fields are also obtained by introducing Weyl gauge field as the com-
pensating field corresponding to the local scale transformation on the brane world volume.
I. Introduction
Nonlinear realization of a compact Lie group can be realized on the Nambu-Goldstone
fields related to the broken symmetry generators and it becomes linear when restricted to
the given subgroup [1]. In Ref.[2], based on nonlinear transformation of a spinor field, which
played a role of Goldstino field, the nonlinear realization method was extended to include
fermion like generators. The resulted degeneracy of vacuum gave rise to spontaneous broken
of supersymmetry. The approach of nonlinear realization of SUSY, besides the Goldstone
field, was generalized to matter fields as well as gauge fields [3,4], with a formalism of
effective couplings to the Goldstino field. In Ref.[5], one can find applications of nonlinear
realization to branes of M theory, and a general description is given to derive the dynamics
of the branes. There, it is restricted to group G whose generators can be divided into two
subgroups with one (such as Lorentz group) is the automorphism group of another (whose
generators associated with (super)spacetime positions). The transformation of the group G
with respect to the coset of the unbroken automorphism generators group would give us a
description of the embedded submanifold, which has the dimensions of the coset space of
the unbroken automorphism generators group with respect to the unbroken subgroup.
As presented in [6-10], the approach of nonlinear realization was extensively used to de-
scribe the spontaneous partial breaking of (extended) supersymmetry and construct actions
of (super)brane dynamics. On the other hand, when considering conformal transformation,
in Ref.[11] the dynamics of conformally invariant p-branes was introduced. In [12,13], it
was further extended to describe Weyl invariant D p -brane and superconformal supermem-
brane. It is our purpose of this paper to introduce a Weyl scale (due to dilatation operator
D) invariant p=2 brane which embedded in the target N=1, D=4 superspace defined by
{xµ, θ, θ¯}. Considering the unbroken subgroup W (1, 2) (Weyl group) of the super Weyl
group G and the coset with respect to the unbroken automorphism group of the unbroken
subgroup, the symmetry G can be realized on the nonlinear transformation of collective co-
ordinates fields which is a result of acting a group element of G on the coset representative
element Ω. When applied to brane theory, it is illustrated that for such a brane that breaks
the supersymmetry and one spatial translation symmetry, its dynamics is described by the
low energy oscillations of the Nambu-Goldstone modes associated with these broken symme-
tries. Accordingly, the invariant action of the brane can be obtained by using vielbein and
connection one forms on the submanifold after constructing Cartan one-forms from Ω−1dΩ.
In this paper, we start from introducing the super Weyl scale group and its automor-
phism subgroup, then use the above stated formalism of the nonlinear realization approach
to find the fluctuations modes of Goldstone bosons (Goldstino fermions) associated with
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spacetime coordinates (Grassmann coordinates) of the broken symmetry (supersymmetry).
A Weyl scale invariant p=2 brane will be given when the target D=4 superspace {xµ, θ, θ¯}
broken down to D=3 spacetime world volume described by parameters {x0, x1, x2} in the
static gauge with Weyl scale (dilatation) symmetry kept, which becomes a local symmetry
on the p=2 brane world volume. The dual form non-BPS Weyl scale invariant D2 brane
supersymmetric Born-Infeld action is also obtained.
Finally, in addition to the massless Nambu-Goldstone fields of the p=2 brane oscillations,
we also consider matter fields degree of freedom localized on the domain wall brane. The
Weyl scale invariant actions of these matter fields are constructed by using Weyl gauge field
and spin connections. The latter gives interactions of the matter fields with the Nambu-
Goldstone fields.
II. Weyl Scale Invariant p=2 Brane
Consider super-Weyl group G, whose generators include N=1, D=4 super-Poincare gen-
erators (Pµ,Mµν ,two Weyl spinor supersymmetry charges Qα,Q¯α˙) and the Weyl scale (di-
latation) generator D. It has the following (anti)commutation relations
{Qα, Q¯α˙} = 2σµαα˙Pµ
[Mµν ,Mρσ] = i(ηµσMνρ + ηνρMµσ − ηµρMνσ − ηνσMµρ)
[Qα,Mµν ] = i
1
2
(σµν)
β
α Qβ
[Q¯α˙,Mµν ] = i
1
2
(σ¯µν)
α˙
β˙
Q¯β˙ (1)
and
[D,Mµν ] = 0, [D,D] = 0, [D,Pµ] = −iPµ (2)
[D,Qα] = −1
2
iQα, [D, Q¯α˙] = −1
2
iQ¯α˙, (3)
where the dilatation operator D = −ixµ ∂
∂xµ
in x-representation. From Eqs.(1-3), one can
find generators {Mµν , D} form a subgroup H ′ which is the automorphism group of another
subgroup, i.e. super spacetime group by the set of charges of {Qα, Q¯α˙, Pµ} . In the case
when the G group symmetry is broken to the 1 + 2 dimensional Weyl W (1, 2) symmetry
[14], whose unbroken generators, for example in the static gauge, are {Mij , D, Pi}, where the
index i = 0, 1, 2, and the spontaneously broken automorphism generators are Mi3. In such
a case, we have a two dimensional brane which is embedded in the superspace and breaks
down the target space super Weyl invariance to a lower dimensional Weyl group symmetry
W (1, 2). Besides Mi3, the broken generators in superspace are the generators Qα, Q¯α˙ in the
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Grassmann coordinate directions {xµ, θα, θ¯α˙} and the translation generator P3 transverse
to the brane.
Consider the coset G/H , where H has unbroken antomorphism generators {Mij , D}. We
hence have a p=2 brane, which has a W (1, 2) symmetry, moving through the coset space
G/H ′ with tangent group H ′. It sweeps out a submanifold that has the dimensions of the
coset space G′/H with tangent group H , where G′ is spanned by the unbroken automor-
phism generators {Mij, D} and the unbroken spacetime generators Pi. Since we will work on
a D=3 manifold, it is more convenient to express N=1,D=4 super Weyl algebra in terms of
D=3 Lorenz group indices with new defined generatorsMm =
1
2
εmnrMnr and K
m =Mm3,
where m = 0, 1, 2. In N=2, D=3 supersymmetry theory, there are four supercharges which
are the same number as for N=1 supersymmetry in D=4. In fact, N=2, D=3 SUSY algebra
[15-17] can be obtained by dimensionally reducing N=1 supersymmetry in four dimensions.
From the D=3 standpoint the N=1, D=4 SUSY algebra is a central-charged extended N=2
Poincare superalgebra, with one D=4 translation generator becomes the central charge gen-
erator Z0 [8,10,15]. Taking Z0 = −P3 = −Z, with supercharges Qα, Q¯β˙ becomes two
complex conjugate spinors Qα, Q¯β in three dimensions, the N=1, D=4 Supersymmetry re-
duces to N=2, D=3 extended Supersymmetry with relations (See Appendix A for derivation
and notations):
[Mm,Mn] = −iεmnrMr, [Mm,Kn] = −iεmnrKr, [Km,Kn] = iεmnrMr
[Mm, Pn] = −iεmnrPr, [Mm, Z] = 0, [Km, Pn] = +iηmnZ, [Km, Z] = +iPm
[Z, Pµ] = 0, [D, qi] = −1
2
iqi, [D, si] = −1
2
isi
{qi, qj} = 2(γmC)ijPm, {si, sj} = 2(γmC)ijPm, {qi, sj} = −2iCijP3 (4)
where q, s are extended supercharges in three dimensions. The unbroken automorphism
generators forms group H . With R symmetry suppressed, an exponential description of the
Coset G/H representative element is
Ω = eiξ
mpmei[φ(ξ)Z+θ¯i(ξ)qi+λ¯i(ξ)si]eiu
m(ξ)Km , (5)
in which variables ξ parameterizes the embedded submanifold described by the p=2 brane,
and φ(ξ), θ(ξ), λ(ξ), u(ξ) are the Nambu-Goldstone fields that depend on variables ξ. The
dynamics can be constructed about the brane which describe a broken symmetry in the
z, θ, θ¯ superspace coordinates directions and whose long wave length excitation modes are
described by these Nambu-Goldstone fields associated with these broken symmetries. By
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using reparameterization invariance, we choose static gauge xm = ξm for space time coor-
dinates xm lying in directions of the brane. Then it becomes
Ω = eix
mpmei[φ(x)Z+θ¯i(x)qi+λ¯i(x)si]eiu
m(x)Km . (6)
The elements of group G can be decomposed uniquely into a product form of Coset repre-
sentative element Ω and subgroup element of H . In some neighborhood of the identity of
group G, its element is parameterized as
g = ei[a
mpm+ξ¯q+η¯s+zZ+b
mKm+α
mMm+dD] (7)
Under a right group transformation g, the Coset element Ω transforms to
Ω′ = eix
′mpmei[φ
′(x′)Z+θ¯′
i
(x′)qi+λ¯
′
i
(x′)si]eiu
′m(x′)Km with the following relation
gΩ = Ω′h, (8)
where h stands for the subgroup element. The field φ(x), which transforms linearly under
rigid g transformations, i.e. φ′(x) = gφ(x), could be re-expressed as field φ˜(x) through
Ω−1φ(x) = φ˜(x) from which the massless Goldstone mode has been eliminated. Therefore,
when the symmetry group G is broken to subgroup H , from Eq.(8) one finds that φ′(x) =
Ω′φ˜′(x) = gφ(x) = gΩφ˜(x) = Ω′hφ˜(x). Then the original G transformations is re-written as
the transformation depending on φ˜′(x) = hφ˜(x) under the unbroken subgroup H , which is
used as basic formalism to construct invariant Lagrangian when considering localized matter
fields on the brane [18]. Applying Eqs.(B1)-(B3), it can be found the transformations of
the space coordinates as well as the Nambu-Goldstone fields induced by the infinitesimal
transformation of group g:
x′m = xm + dxm + am − i(ξ¯γmθ + η¯γmλ)− φbm + εmnrαnxr,
φ′(x′)− φ(x) = ∆φ = z + dφ+ (ξγ0λ− θγ0η)− bmxm,
θ′(x′)− θ(x) = ∆θi = ξi + 1
2
dθi +
i
2
bm(γ
mλ)i − i
2
αm(γ
mθ)i,
λ′(x′)− λ(x) = ∆λi = ηi + 1
2
dλi − i
2
bm(γ
mθ)i − i
2
αm(γ
mλ)i,
u′(x′)− u(x) = ∆um =
√
u2
tanh
√
u2
(bm − u
rbru
m
u2
) +
urbru
m
u2
+ εmnrαnur, (9)
where the linear terms of d represent the Weyl scale transformations of each collective
coordinates. The element h is given by
h = e
i[αmMm− 12
tanh
1
2
√
u2
1
2
√
u2
bnurε
nrmMm+dD]
(10)
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From above, it can be found the spacetime coordinates have a field dependent transformation
as a result of the nonlinear realization of group G. In this case, there are broken symmetries
of Qα, Q¯α˙, Z and rotation generators M
m3 related to the z direction. For the breaking
symmetry of spacetime, the only Nambu-Goldstone fields are those associated to the broken
(super)translations [19], and the superfluous Nambu-Goldstone fields um can be eliminated
by imposing invariant conditions on the Cartan differential forms [20] (see equation (19)).
The G symmetry is represented by transformation properties of the field φ˜(x) under the
unbroken subgroup H . Considering incorporation of the dynamics of the field φ˜(x) with that
of the brane, we work on dreibein basis in the local tangent space of the submanifold swept
out by the p=2 brane. The interval ds2 = gmndx
mdxn has the form ds2 = ηabdx
adxb in
the tangent space, with relations ds2 = gmndx
mdxn = ηabe
a
me
b
n dx
mdxn and dxa = e amdx
m.
The metric tensor is related to the dreibein through
gmn = e
a
me
b
n ηab (11)
In the local subgroup H formed by algebra {Mij , D}, under the scale transformation xm →
x′m = edxm, the interval transforms as ds2 → ds′2 = e2dds2. In terms of metric tensor gmn,
because ds2 = gmndx
mdxn, then it is understanding that the metric tensor have a weight 2
under the Weyl scale transformation, i.e.
g′mn = e
2dgmn. (12)
Conversely, gmn has scale weight -2. Its total infinitesimal transformation induced by the
general coordinate variation xm → x′m = xm + dxm + εm(x) is given by
g′mn = gmn + 2dgmn − (∂mεn + ∂nεm) (13)
where εm(x) = am − i(ξ¯γmθ + η¯γmλ)− φbm + εmnrαnxr.
In order to construct an invariant action, we can obtain dreibein and connection one-
forms by using Cartan form Ω−1dΩ, which is expanded with respect to the G generators:
Ω−1dΩ = i(ωapa + ω¯qiqi + ω¯sisi + ωZZ + ωakKa + ω
a
MMa + ωDD) (14)
Under the transformation Ω→ Ω′, the Cartan forms transform as
Ω′−1dΩ′ = h(Ω−1dΩ)h−1 + hdh−1. (15)
It is obvious that all the forms transform homogeneously under G except the connection
one from ωaM which transforms by a shift. These forms are invariant under the global left
action of G on G/H . Under the local right action Ω → Ω′h with h given by Eq.(10), the
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forms ωa transform as the dreibein on the tangent bundle to G/H , while ωaM transforms
as a connection to this bundle. The Cartan forms associated with the unbroken spacetime
generators P involve the exterior derivative d which is independent of the coordinate system
used to parameterize the embedded submanifold and is reparameterization invariant. After
choosing the static gauge ξm = xm, the dreibein e am is obtained by expanding spacetime one-
forms ωa with respect to the coordinate differentials dxm, i.e. ωa = dxme am . The connection
one-forms ωaM , on the other hand, can be used to construct the covariant derivative of the
fields ∇φ˜(x) = (d+ iωaMΓa+ iωDΓ′)φ˜(x), where Γa and Γ′ are respective representations of
the generatorsMa and D with respect to the fields φ˜(x). These are the building blocks that
can be used to construct invariant actions under G. Considering equations (4) and (B4), we
have
ωaM = (cosh
√
u2 − 1)ubduc
u2
εabc
ωa = (dxm + idθγ0γmθ + idλγ0γmλ)
· (δ am + (cosh
√
u2 − 1)umu
a
u2
) + (dφ+ dθγ0λ− dλγ0θ) sinh
√
u2√
u2
ua
ωD = 0 (16)
where a = 0, 1, 2. We use a, b, c to represent the tangent spacetime index, and i, j, k to
represent 2+1 general coordinates in what follows. Since D is the automorphism generator
of the (super)spacetime position group, and from the commutation relations of Eq.(2), it is
found that D is not involved in the Cartan forms here, which is in consistent with ωD = 0.
The dreibein
e am = (δ
b
m + i∂mθγ
0γbθ + i∂mλγ
0γbλ)
· (δ ab + (cosh
√
u2 − 1)ubu
a
u2
+ (D˜bφ+ D˜bθγ
0λ− θγ0D˜bλ) sinh
√
u2√
u2
ua)
= A bm · (δ ab + (cosh
√
u2 − 1)ubu
a
u2
+ (D˜bφ+ D˜bθγ
0λ− θγ0D˜bλ) sinh
√
u2√
u2
ua) (17)
has a tangent space index a, which has the transformation property induced by Eq.(15) in
the local tangent space, with L ab the local H representation with vector indices
e′ am = e
b
mL
a
b (18)
In Eq.(17), D˜b = A
−1m
b ∂m is the Akulov-Volkov derivative, defined byA
b
m = δ
b
m+i∂mθγ
0γbθ+
i∂mλγ
0γbλ[3,4,10]. Imposing the invariant condition ωz = 0 on the covariant derivative, as a
result of the inverse Higgs Mechanism [10,20], the field um can be eliminated by the following
relation
ub
tanh
√
u2√
u2
= −(D˜bφ+ D˜bθγ0λ− θγ0D˜bλ) = −D˜bΦ (19)
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Plugging this into Eq.(17), the dreibein hence has the simple form
e am = A
b
m · (δ ab +
ubu
a
u2
(
1
cosh
√
u2
− 1))
= A bm · (δ ab +
D˜bΦD˜
aΦ
(DΦ)2
(
√
1− (D˜Φ)2 − 1)). (20)
The metric tensor becomes
gmn = e
a
me
b
n ηab = A
a
mA
b
n ηab − ∂mΦ∂nΦ (21)
Introduce four dynamic variables Xµ = (Xa, X3) = (Xa,Φ), which are defined as following
dXa = dxmA am
dX3 = (∂mφ+ ∂mθγ
0λ− θγ0∂mλ)dxm (22)
After integrating from both sides, we have
X0 = x0 + f0(θ, λ),
X1 = x1 + f1(θ, λ),
X2 = x2 + f2(θ, λ),
X3 = φ+ F (θ, λ), (23)
where f(θ, λ), F (θ, λ) are functions of θ(x), λ(x), decided by the integration of Eq.(22).
Therefore,in the static gauge ξm = xm, by using Eq.(23), the metric tensor in Eq.(21) now
becomes
gmn = ηµν
∂Xµ
∂ξm
∂Xν
∂ξn
= ηµν
∂xµ
∂ξm
∂xν
∂ξn
+ other terms (24)
where xµ = (x0, x1, x2, φ). Consequently, in contrast with the normal spacetime induced
metric gmn = ηµν
∂xµ
∂ξm
∂xν
∂ξn
on p brane world volume, there are modification terms of the met-
ric through the functions f(θ, λ), F (θ, λ) which are contributed from the Nambu-goldstone
fields θ(x), λ(x) corresponding to the broken symmetries in the superspace coordinates di-
rections (see equation (28) for details).
The infinitesimal transformation of dreibein in the local tangent space is
δe am = δ
Le am + de
a
m (25)
with δLeam represents the local Lorentz transformation. The second term is the Weyl scale
transformation. Hence, the world volume has the scale transformation property
dx3 det e→ dx′3 det e′ = e3ddxdet e. (26)
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We introduce the intrinsic metric ρmn on this p=2 brane manifold. Similarly, it has the
Weyl scale transformation property ρmn → e2dρmn and dx3
√
|ρ| → dx′3
√
|ρ′| = e3ddx3
√
|ρ|.
Considering Eq.(24), the action of the Weyl scale invariant p=2 brane is then constructed
I = −T
∫
d3x
√
|ρ|(1
3
ρmnηµν∂mX
µ∂nX
ν)3/2 (27)
here ρmn is the inverse of the metric ρmn and ρ stands for the determinant of ρmn. The
auxiliary intrinsic metric ρmn can be eliminated by using its equation of motion. By using
Eq.(22), the action then has an explicit form
I = −T
∫
d3x
√
|ρ|(1
3
ρmnηµν∂mX
µ∂nX
ν)3/2
= −T
∫
d3x
√
ρ{1
3
ρmn(ηmn + i∂nθγ
0γmθ + i∂nλγ
0γmλ+ i∂mθγ
0γnθ + i∂mλγ
0γnλ
+ (i∂mθγ
0γaθ + i∂mλγ
0γaλ) · (i∂nθγ0γaθ + i∂nλγ0γaλ)
− (∂mφ+ ∂mθγ0λ− θγ0∂mλ) · (∂nφ+ ∂nθγ0λ− θγ0∂nλ))}3/2 (28)
where T stands for the brane tension.
III. Weyl Scale Invariant D2 Brane
As discussed in section II, we have constructed the Weyl scale invariant non-BPS p=2
brane action. In the following we derive its dual form, the non-BPS Weyl scale invariant D2
brane supersymmetric Born-Infeld action. From Eqs.(19) and (20), we have
det e = det(e am) = det{A bm · (δ ab +
ubu
a
u2
(
1
cosh
√
u2
− 1))}
= det(A bm) · det{δ ab +
ubu
a
u2
(
1
cosh
√
u2
− 1))}
= detA · 1
cosh
√
u2
= detA ·
√
1− (D˜bφ+ D˜bθγ0λ− θγ0D˜bλ) (29)
By using the Nambu-Goto type p=2 brane action −T
∫
d3xdet e, and considering Eq.(29),
it allows us to introduce a gauge field strength vector F r[10] by variation of this action with
respect to the field φ. It is defined as
F r = detA · ua ·A−1ra ·
sinh
√
u2√
u2
. (30)
Its equation of motion results the relation ∂rF
r = 0, which has explicitly U(1) gauge solution
An, i.e.
Fmn = ∂mAn − ∂nAm (31)
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and F r is related to Fmn by
F r =
1
2
εmnrFmn =
1
2
εmnr(∂mAn − ∂nAm). (32)
Conversely, Fmn = εmnrF
r. In D=3 dimension, there is D-2=1 degree of freedom for
the U(1) gauge field An, which compensates the degree of freedom of field φ in Eq.(29).
Therefore, by using Eq.(30), we find
cosh
√
u2 =
√
1 + sinh2
√
u2 =
√
1 +
FmA bmF
nA an ηab
det2A
. (33)
Introduce the Akulov-Volkov metric field g˜mn, which is given by
g˜mn = A
a
mA
b
n ηab. (34)
It has the explicit form
g˜mn =ηmn + i∂nθγ
0γmθ + i∂nλγ
0γmλ+ i∂mθγ
0γnθ + i∂mλγ
0γnλ
+ (i∂mθγ
0γaθ + i∂mλγ
0γaλ) · (i∂nθγ0γaθ + i∂nλγ0γaλ). (35)
After explicitly expanding the following determent, it can be shown
det(g˜mn + Fmn) = det(g˜mn + εmnrF
r)
= det g˜ + FmFng˜mn = det
2A · cosh2
√
u2 (36)
where g˜ = det g˜mn, and the last equality is a result of Eq.(33). Consider the alternative
form of Eq.(29)
det e = detA · 1
cosh
√
u2
= detA · cosh
2
√
u2 − sinh2
√
u2
cosh
√
u2
= detA · cosh
√
u2 − detA · sinh
√
u2 tanh
√
u2, (37)
by using Eqs.(19) and (30) and substituting Eq.(36) into (37), the resulting expression is
det e =
√
det(g˜mn + Fmn) + F
m(∂mφ+ ∂mθγ
0λ− θγ0∂mλ) (38)
Introduce an intrinsic tensor field Gmn, which has Weyl scale transformation property
Gmn → e2dGmn. (39)
Hence a spacetime integral of the first part of Eq.(38) has the classically equivalent Weyl
invariant form: ∫
d3x{g˜1/4G1/4[ 1
3
Gmn(g˜mn − g˜klFmkFln)]3/4} (40)
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The equation of motion of the intrinsic tensor field Gmn, which can be derived from Eq.(43),
is
Gmn = Ω(g˜mn − g˜klFmkFln), (41)
where Ω is a constant. The spacetime integral of the second part of Eq.(38) has the form∫
d3xFm(∂mφ+ ∂mθγ
0λ− θγ0∂mλ)
=
∫
d3xFm(∂mθγ
0λ− θγ0∂mλ)
=
∫
d3x
1
2
εmnr(∂mAn − ∂nAm) · (∂mθγ0λ− θγ0∂mλ). (42)
In the first equality we use the relation ∂rF
r = 0 and integrate by parts to drop the field
φ term. Consider the world volume element d3x, which is a tensor density with weight
-1. Therefore d3x
√
g˜ becomes a scalar quantity. Since εmnr is also a weight -1 tensor
density, we can form an ordinary contravariant rank three tensor
εmnr√
g˜
. Under the Weyl
scale transformation g˜mn → e2dg˜mn, Eq. (42) hence keeps invariant.
Considering Eqs.(40) and (42), the dual form action, i.e. the Weyl scale invariant D2
brane Born-Infeld type action is then constructed
I =− T
∫
d3x{g˜1/4G1/4[ 1
3
Gmn(g˜mn − g˜klFmkFln)]3/4
+
1
2
εmnr(∂mAn − ∂nAm) · (∂mθγ0λ− θγ0∂mλ)} (43)
where Fmn and g˜mn are given by Eq.(31) and (35) respectively.
IV. Localized Matter Fields on the Brane
In addition to the massless Nambu-Goldstone fields φ(x), θ(x) and λ(x) on the brane,
there can also be matter field degrees of freedom localized on the brane. The induced local-
ization of the scalar and fermionic degrees of freedom on the submanifold were considered in
[10] when the embedded defects spontaneously break the target manifold. In the following
model, by using the ingredients of the Cartan one-forms, we present the actions of the matter
fields as well as interactions with the Nambu-Goldstone fields. Consider there is different
dilatation scale associated with local spacetime points on the brane, i.e.d is a local function
of spacetime, a Weyl gauge field Bm(x) is introduced as the compensating field in order to
keep the whole action invariant. The action of the Weyl gauge field Bm(x) interacting with
the Nambu-Goldstone fields on the brane is also constructed.
For the matter degrees of freedom localized on the p=2 brane, under the unbroken
subgroup H , in the tangent space the matter field M(x) transforms as
M ′(x′) = hM(x) (44)
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in which h is given by Eq.(10). The covariant derivative for the matter field is given through
the spin connection and dilatation one-forms:
∇M(x) = (d+ iωaMΓa + iωDΓ′)M(x)
= (d+ iωaMΓa)M(x) (45)
where Γa is the representation ofMm corresponding to fieldM(x). When Weyl scale param-
eter d becomes local function of spacetime d = d(x), Eq.(45) will not transform covariantly
under H . A new compensating field Bm (Weyl gauge field) is introduced [21-24], therefore
in component forms the covariant derivative is written as:
∇aM(x) = (e−1ma ∂m + iω ba Γb +Bads)M(x)
= (Da + iω
b
a Γb +Bads)M(x) (46)
where Da = e
−1m
a ∂m, the coefficients ω
b
a is related to spin connection one-from by ω
b
M =
ω ba dx
a, Bm is related to gauge field Ba in the local tangent space by Bm = e
a
mBa, and ds
is the scale dimension(weight) of the matter field M(x). The variation of the matter field
under the group H is
δM(x) =M ′(x′)−M(x) = δ′LM(x) + δ′DM(x)
= iεa · (Γa + La)M(x) + id(x) ·DM(x) (47)
where δ′LM(x) = iε
a ·(Γa+La)M(x) represents variation under SO(1,2) transformation, the
parameter εa decided by Eq.(10) is a function of α and b. And L is the angular momentum
representation of Mm. The variation of the scale transformation is
δ′DM(x) =M
′(x′)−M(x)|D = id(x) ·DM(x)
= d(x · ∂ + ds)M(x) (48)
Hence, the general filed representation of the scale operator is given by
D = −i(x · ∂ + ds). (49)
The intrinsic Weyl scale variation of the matter field then can be written as
δDM(x) =M
′(x) −M(x)|D = d(x) · dsM(x). (50)
From Eqs.(18) and (25) one can find the intrinsic infinitesimal scale variation of dreibein
δDe
a
m = de
a
m (51)
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Therefore the scale dimension for dreibein is 1. Besides, in 2+1 dimensions, the scalar field
has weight ds(φ) = −1/2, and the spinor field is ds(ψ) = −1. Correspondingly, we have
δDφ = −1
2
d(x)φ,
δDψ = δDψ¯ = −d(x)ψ, (52)
with scale transformation of the coordinates in the tangent space
δDx
a = d(x)xa. (53)
Hence, under D operation the derivative of the matter field transforms as
DaM(x)→ D′aM ′(x′) = D′aM ′(Dx)
= e−d(x)e−1ma ∂me
d(x)dsM(x)
= e−d(x)ed(x)dse−1ma (dsd(x),mM(x) + ∂mM(x)) (54)
The Weyl gauge covariant derivative then transforms as
∇aM(x)→ ∇′aM ′(x′) = (D′a + iω ba Γb +B′ads)M ′(Dx)
= e−d(x)ed(x)ds(Da + dsd(x),a + iω ba Γb +Bads − dsd(x),a)M(x)
= e−d(x)ed(x)ds∇aM(x) (55)
in which we used δDω
b
M = 0, therefore δDω
b
a = −d(x)ω ba and the Weyl gauge field Bm has
the infinitesimal scale transformation property
δDBm(x) = −d(x),m. (56)
Considering the scalar field localized on the p=2 brane, since Γb(φ) = 0 and ds(φ) =
−1/2, the Weyl gauge covariant derivative is then constructed
∇aφ(x) = (e−1ma ∂m −
1
2
e−1ma Bm)φ(x). (57)
The Lagrangian density of the scalar field is given by
ℓφ = η
ab∇aφ(x)∇bφ(x) + fφ6
= gmn(∂m − 1
2
Bm)φ(x)(∂n − 1
2
Bn)φ(x) + fφ
6 (58)
in which f is the dimensionless coupling constant. The effective action of the scalar matter
field on the brane up to the leading term in brane tension expansion is obtained
Iφ =
∫
d3xdet eℓφ. (59)
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For the fermion spinor field, the spinor representation of the operatorsMa are Γa(ψ) = −1
2
γa
. The covariant derivative of the spinor field is
∇aψi(x) = Daψi − i1
2
ω ba γbijψj(x)−Baψi(x) (60)
Since ψ(x), ψ¯(x) interacts with the field Ba in the same manner, the spinor field has no
minimal form of coupling to the Weyl gauge field. The Lagrangian of the spinor matter field
with Yukawa coupling to the scalar fields is
ℓψ =
1
2
i[ψ¯γa∇aψ −∇aψ¯γaψ] + gψ¯ψφ2 (61)
The effective action of the spinor field on the brane has the form
Iψ =
∫
d3x det eℓψ (62)
The field strength which describes the Weyl gauge field Bm has the normal form
Fmn = ∂mBn − ∂nBm (63)
Introducing new dynamics variables Fab = e
−1m
a e
−1n
b Fmn, their infinitesimal Weyl transfor-
mation properties are
δDFab = −2d(x)Fab, (64)
on dimension and Weyl scale invariant ground, the effective action of the Weyl gauge field
can be constructed
IB =
∫
d3xdet eℓB =
∫
d3xdet eℓB(e
−1m
a , Fmn) (65)
where the lagrangian has Weyl dimension -3 and is a function of e−1ma and Weyl gauge field
strength Fmn. Considering Eqs.(59),(62) and (65), the full effective action for the matter
fields localized on the brane is then given by
Imatter = Iφ + Iψ + IB =
∫
d3x det eℓmatter
=
∫
d3xdet eℓφ +
∫
d3x det eℓψ +
∫
d3xdet eℓB (66)
In summary, in this letter we have constructed Weyl scale invariant version of the p=2
brane action, which is a result of spontaneous breaking of the target N=1, D=4 superspace
with G symmetry to the W (1, 2) symmetry on the embedded the 2+1 world volume. Its
low energy fluctuations in directions associated with the broken symmetry generators are
described by the dynamics of the Nambu-Goldstone fields. There, unlike the BPS state of
the D brane which carries conserved charges or the partially broken supersymmetry on the
14
brane whose central charge saturates the lower bound of the state [25], it is the case of
non-BPS state. By this approach of nonlinear realization, one can also find its application
to branes of M theory with a large automorphism group of superalgebra [26]. In addition,
as described above, the brane, as a defect in spacetime that breaks certain symmetries, may
cause the localization of matter fields as well as the gauge fields on it, which is a fact of
physical necessity and required to be present in the effective world volume field theories.
Additional discussions can also be found in [27, 28] and some brane world scenarios as well
[29].
The author thanks T.K.Kuo for support and discussions. The author also thanks
M.Burkardt and Y.X.Gui for their kind support. Finally, the author would like to ac-
knowledge helpful discussions for the revising version of the manuscript in TASI 2006.
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Appendix A: Dimensional Reduction of N=1, D=4 SUSY to N=2, D=3
SUSY
In N=2, D=3 Supersymmetry theory, there are two two-component Majorana spinorial
generators Q1α, Q
2
β satisfying
{Q1α, Q¯1β} = (γ · P )αβ ,
{Q2α, Q¯2β} = (γ · P )αβ ,
{Q1, Q¯2} = iZ0, (A.1)
where α, β = 1, 2 are component indices, and (γ0, γ1, γ2) = (σ2, iσ1, iσ3),Q¯1(2) = Q1(2)†C =
Q1(2)†γ0 , with Majorana condition Q1(2) = −Q1(2)∗ , and Z0 is the central charge. If we
introduce a Dirac spinor Q′ =
1√
2
(Q1 + iQ2), then we have
{Q′, Q¯′} = γ · P + Z0. (A.2)
In N=1, D=4 Supersymmetry theory, from Eq.(1), we have
{Qα, Q¯α˙} = 2σµαα˙Pµ. (A.3)
Imposing rotation operations e−iM
23 pi
2 and eiM
13 pi
2 consecutively on Eq.(A.3), the four mo-
mentum vector has the corresponding transformation
P0 → P0
P1 → P2
P2 → −P3
P3 → −P1 (A.4)
and the spinor becomes
Q→W (A.5)
with
W =

 Q1e−ipi4 cos π4 +Q2eipi4 sin π4
Q2e
ipi
4 cos
π
4
−Q1e−ipi4 sin π
4

 (A.6)
Equation (A.3) then has the form
{W,W †} = 2σ0P0 + 2σ1P2 + 2σ2(−P3) + 2σ3(−P1) (A.7)
Right multiplication of σ2 from both sides, it has the form
{W,W †σ2} = 2σ2P0 + 2iσ3P2 + 2(−P3) + 2iσ1P1
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= 2γ0P0 + 2γ
1P1 + 2γ
2P2 + 2(−P3). (A.8)
Thus
{W, W¯} = 2γ · P + 2(−P3), (A.9)
where W¯ =W †γ0. Compare (A.9) with (A.2), we may identify W with
√
2Q′ and Z0 with
−P3. Using redefined operators
Q1 =
1√
2

 is1
is2

 , Q2 = 1√
2

 −iq1
−iq2

 , (A.10)
from Eqs.(A.1), (A.2), (A.6) and (A.10), we have

 q1
q2

 =


1
2
Q1e
ipi
4 − 1
2
Q2e
ipi
4 +
1
2
Q¯1e
−ipi
4 − 1
2
Q¯2e
−ipi
4
1
2
Q1e
−ipi
4 +
1
2
Q2e
−ipi
4 +
1
2
Q¯1e
ipi
4 +
1
2
Q¯2e
ipi
4

 ,

 s1
s2

 =


1
2
Q1e
−ipi
4 − 1
2
Q2e
−ipi
4 − 1
2
Q¯1e
ipi
4 +
1
2
Q¯2e
ipi
4
1
2i
Q1e
−ipi
4 +
1
2i
Q2e
−ipi
4 − 1
2i
Q¯1e
ipi
4 − 1
2i
Q¯2e
ipi
4

 . (A.11)
Hence, the extended centrally charged N=2, D=3 supersymmetry algebra is
{qi, qj} = 2(γmC)ijPm, {si, sj} = 2(γmC)ijPm, {qi, sj} = −2iCijP3,
[Km, qj ] =
1
2
γmij sj , [K
m, si] = −1
2
γmij qj ,
[Mmn, qi] = −1
2
γmnij qj , [M
mn, si] = −1
2
γmnij sj . (A.12)
Appendix B: Useful Formulas
In derivation of Eqs.(9) and (10), we consider the Baker-Hausdorff formula:
exp(a) exp(b) = exp(a+ b+
1
2
[a, b] +
1
12
[a, [a, b]] +
1
12
[b, [b, a]] + ...). (B.1)
For infinitesimal operator a, up to the first order of a, we have
exp(a) exp(b) = exp(a+ b+
1
2
[a, b] +
1
12
[b, [b, a]] + ...+O(a2))
= exp(a− adb/2(a) + adb/2 · coth(adb/2)(a) +O(a2)); (B.2)
and likewise
exp(b) exp(a) = exp(a+ b+
1
2
[b, a] +
1
12
[b, [b, a]] + ...)
= exp(b + adb/2(a) + adb/2 · coth(adb/2)(a) +O(a2)), (B.3)
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in which adb/2(a) is the adjoint operation with adb/2(a) = [
b
2
, a]. In derivation of Eq.(16),consider
the differentiation formula for exponent:
exp(−b)d exp(b) =
∞∑
k=0
(−1)k
(k + 1)!
(adb)
kdb (B.4)
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